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Orbit Determination Singularities in the
Doppler Tracking of a Planetary Orbiter

Lincoln J. Wood*
Jet Propulsion Laboratory, California Institute of Technology, Pasadena, California

The problem of determining the orbit of a spacecraft about another planet (or an asteroid or cometary
nucleus) by means of Doppler tracking data is treated. The Doppler shift associated with the relative motion of
an orbiting spacecraft and an Earth-based tracking station is derived mathematically and expressed as a power-
series expansion in several small quantities. Partial derivatives of the Doppler shift with respect to the orbital
elements and the mass of the attracting body are evaluated analytically, assuming simple two-body motion.
Linear dependencies among the partial derivatives indicate unobservable parameters. Eight distinct cases are in-
vestigated, according to whether the orbit is elliptical or circular, whether the orbit is viewed face-on or at some
other angle, and whether the central-body mass is known a priori or unknown. The full set of singular
geometries for the determination of the orbit of a spacecraft about another planet, using Doppler data, is
justified mathematically, for the first time. Certain geometries previously hypothesized to be singular are shown
to be nonsingular.

Introduction
a number of occasions during the 1960s and 1970s,

spacecraft launched by the United States have been
placed into orbit about the moon, Venus, or Mars. The
lunar missions of this type include Lunar Orbiters 1-5 and
Apollos 8, 10-12, and 14-17. The planetary orbiter missions
include Mariner 9 and Vikings 1 and 2 to Mars, as well as
the Pioneer Venus Orbiter. In the planetary orbiter missions,
in particular, the principal data type for orbit determination
purposes has been two-way coherent Doppler data.1'4

It has long been known, based on analytical studies and
numerical simulations, as well as the processing of flight data,
that some orbital elements are much more easily determined
by Doppler data than other orbital elements, in the case of a
planetary or lunar orbiter.2'14 In addition, it has long been
known that orbit determination accuracies are strongly depen-
dent on orbital geometry, with certain geometries, sometimes
referred to as "singular," producing near indeterminacies in
some orbital elements.

The purpose of this paper is to derive, within a consistent
mathematical framework, all the geometrical conditions that
will cause problems in determining some orbital elements. Im-
portant or interesting special cases of general elliptical orbits,
such as circular orbits and orbits viewed face on, are included.
Situations with an accurately known central-body mass
(typical of lunar or planetary orbiters) are treated, as well as
situations with an unknown central-body mass (typical of an
orbiter of an asteroid or a cometary nucleus). Some of these
geometrical conditions are fairly obvious and are easily inter-
preted. Other conditions are far less obvious and have been
misinterpreted at times in the past.

Among previous general studies of the determination of
planetary or lunar orbits using Doppler data, Refs. 6, 8, and
11 are particularly pertinent to the development to follow.
Reference 6 includes a qualitative discussion of which orbital
elements can be determined for general elliptical orbits, based
on an analytical expression for the Doppler shift similar to one
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derived below, but does not investigate problematical
geometries. Reference 8 is a systematic study of the effect of
orbit size, shape, and geometry on orbit determination ac-
curacy by means of numerical simulation. This paper yields
substantial insight into the importance of orbit geometry on
orbit determination accuracy. However, since only one orbital
element is varied at a time from a reference set of elliptical or-
bit elements, many possible orbit geometries remain
uninvestigated. Reference 11 derives approximate analytical
expressions for orbit determination uncertainties for the
special case of a circular orbit. The problematical geometries
for a circular orbit differ quite substantially from those for an
elliptical orbit10'11'13—a fact that has caused considerable con-
fusion over the years.

Interest in the accurate determination of the orbit of a
spacecraft about a natural body other than the Earth (or the
sun) is quite high at the present time, due to the large number
of orbiter missions already approved or under consideration
within the National Aeronautics and Space Administration for
launches within the next twenty years. These missions include
the following: Galileo, Venus Radar Mapper, Mars Observer,
Comet Rendezvous/Asteroid Flyby, Lunar Geoscience Or-
biter, Near-Earth Asteroid Rendezvous, Main-Belt Asteroid
Rendezvous, Saturn Orbiter/Titan Probe, Mars Aeronomy
Orbiter, Mars Sample Return, Comet Nucleus Sample Return,
and Uranus and Neptune Orbiters.14"17

Doppler Shift Associated with a
Planetary Orbiter

To determine the Doppler shift associated with the motion
of an orbiting spacecraft, as seen from a tracking station on
the Earth, we will need to determine the relative position and
velocity vectors of the two objects and then the component of
the latter vector in the direction of the former. Let r and v
denote the position and velocity vectors of the center of mass
of the planet being orbited relative to the tracking station. Let
rw and vw denote the position and velocity vectors of the or-
biting spacecraft relative to the center of mass of the planet.
(The object being orbited could equally well be a planetary
satellite, an asteroid, or a cometary nucleus; but, for brevity,
the object being orbited will henceforth be referred to as a
planet.) The line-of-sight velocity we seek is given by

(1)
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To evaluate Eq. (1) in a useful fashion and to do subsequent
calculations, it is helpful to introduce several coordinate
systems, which are determined from four fundamental unit
vectors, x^tz^zf and ZE- xu points from the center of mass of
the planet being orbited toward periapsis; £w points along the
spacecraft orbital angular momentum vector (i.e., normal to
the orbit plane); z points from the center of mass of the planet
toward the tracking station on the Earth; and ZE points along
the Earth's spin axis (positive northward). Assuming simple
Keplerian motion of the spacecraft about the planet, xu and za
are orthogonal and are fixed in inertial space. ZE is also as-
sumed fixed in inertial space, z is not fixed, due to the relative
motion of the tracking station and the planet.

To establish the plane-of-sky coordinate system, define x to
be a unit vector in the direction of ZE x z (the decreasing right
ascension direction). This definition is basically arbitrary but
happens to be convenient. Now, define the unit vectors y (in
the direction of increasing declination) and yu such that
[x,y,z} and (xu,y^,zu} are right-handed, orthonormal sets of
vectors. We wish to relate these sets of vectors to one another
by a sequence of Euler-angle rotations.

Define x' to be a unit vector in the direction of z xzw (the
line of nodes in the plane of the sky). Let z' be the same as z,
and choose the unit vector y' such that {xr ,y' , z r } form a
right-handed orthonormal set. Since x and x' are orthogonal
to z, it follows that a rotation of the x-y-z coordinate system
about z through some angle 12 (the longitude of the ascending
node in the planet-of-sky system) will cause x and x' (and y
and y') to align. Thus,

x'

y'
z'

sQ

0

0

0

1
(2)

where c and s denote cosine and sine. These unit vectors, and
others to follow, are illustrated in Fig. 1.

Next, define x" to be the same as x' and z" to be the same
as zu. Choose the unit vector y" such that [x" ,j>" ,£" } form a
right-handed orthonormal set. Since z' and z" are both or-
thogonal to x', it follows that a rotation of the x'-y'-z' coor-
dinate system about x' through some angle / (the orbit inclina-
tion in the plane-of-sky system) will cause £' and z" (and y'
and y") to align. Thus,

1 0 0

0 ci si

0 -si" ci

x'

y'
z'

(3)

Finally, a rotation of the x"-y"-z" coordinate system about
z" through some angle o> (the argument of periapsis in the
plane-of-sky system) will cause x" and xu (and y" and j>w) to
align. Thus,

CO) 50) 0

yu = -sco cco 0

_ . 0 0 1
Combining Eqs. (2-4), we have18
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where

T12 =

7\3 = scos/

T2l = -

7*22 = — susQ + cwc/cQ

T23 = cusi

(7)

(8)

(9)

(10)

(11)

Expressions for r31, T32, and T33 are not needed in develop-
ments that follow.

In order to obtain tractable analytical expressions for subse-
quent use, we shall neglect all forces acting on the spacecraft
except the point-mass gravitational attraction of the central
body. Thus, the position and velocity of the spacecraft relative
to the planet being orbited are given by19

(12)

(13)

and n, a, e, and E denote the gravitational parameter of the
planet, the orbital semimajor axis, the eccentricity, and the ec-
centric anomaly, respectively. (Eccentric anomaly rather than
true anomaly is used here because it can be more easily related
to time past periapsis.)

The position and velocity of the center of mass of the planet
relative to the tracking station are given by

r=-Rz (14)

(15)

where R is the distance between the tracking station and the
center of mass of the planet being orbited and vx, vyt and vz
are simply the components of v resolved along the axes x, y,
and z.

We can now evaluate the various terms in the numerator
and denominator of the right-hand side of Eq. (1). From Eqs.
(14) and (15), we have

= -Rv

From Eqs. (12) and (13), we have

(16)

(17)
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Fig. 1 Plane-of-sky geometry.
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From Eqs. (5), (12), and (15), we have

(18)

From Eqs, (5), ( 1 3) ̂  and (14), we have

Now, let us assume that

We fiiid |rom feq^

^

where terms inside the braces that are higher than first order in
a/R have been neglected.

From Eqs. (1), (16-19), and (21), we obtain the result

f,os= - 1 [na/(\-ecE)] [- -<?)* cET23] + vz]

(na2/R)esE+ (a/R)

where

(22)

(23)

Equation (22) gives the instantaneous line-of-sight velocity in
terms of the instantaneous Euler angles 0, /, and o>. These
angles are not constant, however, arid since we will be in-
terested in data accumulated over an entire spacecraft orbit,
their time variations will turn out to be important.: To deter-
mine how these angles vary with time, note that the x-y-z coor-
dinate system rotates with respect to inertia! space at an
angular velocity £ such that the time rate of change of the vec-
tor r, in a nonrotatirig frame, is given by v. the time rate of
change of r in the rotating x-y-z frame is ~'(dR/dt)z. Thus,
we have

v = —dR.-rd/ (24)

With the use of Eqs. (14), (15), and (24), we conclude that

*= R (25)

£z is not yet known, but can be determined by requiring that x
evolve with time so as to lie always in the direction of ZE x £. It
turns out that

tan6
f~K~ (26)

where 8 is the declination of the planet, as viewed from the
tracking station.

Rather than express £ in terms of £, y, and f, as in Eq. (25),
it is more convenient to express this angular velocity vector in
terms of the nonorthogonal set of unit vectors {£, *', £").

F'roni Eqs. (2), (25), and (26), then, we have

| = (vt

(27)

where i)t (the transverse velocity) and Q' (the angle between
the line of nodes and the projection of the velocity vector v on-
to the plane of the sky) are defined according to

i>t **. (28)

(29)

(30)

(31)

From Eqs. (2) and (3) we find that

Thus, '. . ' • •
f = -(Vt/R) [sQ'x' - (<

(33)

The angular velocity of the nonrotating xu—y^—zu coor-
dinate frame with respect to the rotating x-y-z coordinate
frame is simply -£ and is expressible in terms of time
derivatives of Euler angles as

Consistency of Eqs. (33) and (34) then yields

— - = -^ ( cot/cO ' -

R

(35)

(36)

(37)

Now, let us return to Eq. (22) and replace 0, /, and o> with
first-order Taylor series expansions about / = /*, where t*
denotes the nominal time of periapsis. Thus, we make the
substitutions

dt
di/-/+—-Atdt
do?

""""^ ——

(38)

(39)

(40)

where 12, /, and &> henceforth denote the values of the Euler
angles at t = t* and

At = t-t;±t-tp + tp-t; (41)

where tp denotes the actual time of periapsis. If terms that are
higher than first order in the small quantities a/R and vtAt/R
are neglected, Eq. (22) becomes

(42)

t;fos denotes the sum of terms of zeroth order in the small
quantities and is given by

(43)
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where
pl=asi (44)

/! (e,co,E) = [ -susE+ ( 1 - e2)1/2cucE] /( 1 - ecE) (45)

v}os denotes the sum of first-order terms and is given by

+ (na2/R)esE+

+ vzsusi](cE-e)

[t;,(ccocQ' -

-e2)1/2 [vt( -

{ (vt/R) [ (dv?o

w) (cQ'/si)] -dvz/dt}Ai (46)

Note that Eq. (35) was not needed in obtaining Eqs. (43) and
(46). Note also that vx, vy, and vz are not constant quantities,
and that Eqs. (38-40), (43) ̂  and (46) were obtained by assum-
ing that

dv_y
dt -At < v,

d2V7

dt2

dv;

(47)

(48)

(49)

These assumptions are often satisfied in practice but may be
less generally valid than the earlier assumptions about
smallness of a/R and vt&t/R. Note that the motion of the
tracking station due to the Earth's rotation, of great impor-
tance in determining the heliocentric motion of an in-
terplanetary spacecraft,1 is of relatively little significance in
the planetary orbiter problem.

Equations (43-45) essentially duplicate an expression in Ref.
6. Some of the terms in Eq; (46) are missing in the correspond-
ing expression in Ref. 6, however. This difference is due to the
fact that v[os was not defined according to Eq. (1) in Ref. 6. In-
stead, t;los was defined to be the less exact quantity vw •£. (The
missing terms have little impact on the arguments that follow,
however.)

Orbit Determination Using a Zeroth-Order Model
for the Doppler Shift

Elliptical Orbits with Unknown Central-Body Mass
We wish to determine the seven quantities ey co, tp, n, a, i,

and IT from measurements of t>los over the course of a
spacecraft orbit. We shall first see what information can be
obtained using the zeroth^order expression for line-of-sight
velocity given by Eq. (43). It is readily apparent that there will
be some problems, because Q' does not appear anywhere in
this equation arid because a and / appear only in the product
form asi. Without knowledge of ju, and subsequent use of Eq.
(23), the best we can hope to do is to determine e, co, tp) n, and
PP Note that E is related to e> tp> ny arid t by means of
Kepler's equation

-esE = n(t-tp) (50)

The partial derivatives of t;?os with respect to to and pl are
readily verified to be

dco (51)

-cwsE- (1 -e2)l/2sucE
1-ecE

dpl

(52)

(53)

To evaluate the partial derivatives of i^ with respect to tp and
n, note that tfos depends on these quantities implicitly through
E and that

n

dE

1-ecE
t-tn

an 1-ecE

(54)

(55)

Next, note that

We may now obtain the partial derivatives of v®os with respect
to tp and n as

dn

Otn

= -A/1 "Pi/6

= (E-esE)f4

(57)

(58)

(59)

Noting that tfos depends on e explicitly, as well as implicitly
through E, and noting that

dE sE
de 1-ecE (60)

we obtain

de

where

(61)

(62)

f9(e,wfE)=cEfl(e,w,E)/(l-eeE) (63)

We are now faced with a problem expressible in general
terms as that of estimating some constant vector/? by suitable
processing of noisy scalar measurements of the form

z(t)=h(p,t) (64)

where w(t) is a white-noise process. If p* is a nominal value
for p, and

z*(t)=h(p*,t)

then to first order in Ap =p — p* ,

where

(65)

(66)

(67)•p=p*
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IfP(t) denotes the error covariance matrix associated with the
parameter vector/?, based upon measurements through time t,
then

f HT(r)H(T)q-l(r)drJto
(68)

where q(t) is the power spectral density associated with w(t).
In our particular problem, H is more readily expressed in

terms of E than t\ the data may be thought of as being taken
over one spacecraft orbit, with no a priori knowledge of the
parameters to be estimated; and q may be regarded as constant
in time. Thus, the inverse of the error covariance matrix after
the orbit of data is given by

HT(E)H(E)(l-ecE)dE

where use has been made of the relationship

dE
dt \-ecE

(69)

(70)

which follows from Eq. (50).
For the zeroth-order model of the Doppler data given by

Eq. (43), the parameter vector p consists of e, u, ip, n, and/?!.
The 5 x 5 information matrix given by Eq. (69) will be non-
singular if and only if the partial derivatives of yfos with
resipect to e, ay tp, n, andp l 9 which comprise the elements of
the row vector H(E), are linearly independent functions off?
pyer the interval i-7r,7r].20 By Eqs. (51), (53), (57), (58), and
(61), this reduces to checking whether the functions/i,/?,/4>
/6, and/8 +/9 are linearly independent, assuming that /?i ?*p
From Eqs. (45), (52), (56), (59), (62), and (63), we can see that
all five of these functions are linearly independent over the in-
terval [ -7r,7r], at least for e^O. Thus, we conclude that all
five of the parameters e, co, tp, n, and pl can be estimated
from a single orbit of data, with no a priori information about
these quantities, using the zeroth-order Doppler data model,
as long as/?! 5*0 and e#Q. It is stated in Ref. 6 that all orbital
elements except '0' are determinate, even when /* is unknown.
However, we have argued here that a and / cannot be deter-
mined separately, using the zeroth-order model, if > is
unknown.

For simplicity, we have assumed that Doppler data are
available over an entire spacecraft orbit. This is often not the
case, due to passage of the spacecraft behind the body being
orbited during part of the orbit. Such an outage of data com-
plicates the mathematics but does not change the conclusions
about linear independence of the partial derivatives. In addi-

tion, Doppler data are not really gathered continuously but
are sampled in integrated form at discrete instants in time. For
sampling intervals that are small compared to the orbital
period, the continuous approximation is quite accurate.

Circular Orbits
When e = Q, the functions/2 and/4 become identical, so that

the partial derivatives of t;fos with respect to o> and tp become
proportional. It is thus impossible to separate o> from tp when
e = 0. In particular, we find that

(71)«* dtn
where n* is the nominal value of n. This means that the sum of
quantities u-n*tp can be determined, while the sum u + n*tp
is indeterminate. This is, of course, a fundamental property of
a circular orbit, not a problem with the Doppler data.

Face-On Orbits
When/?! =0, corresponding to / = 0 or 180 deg, only/?! is

well determined. The partial derivatives of i;fps with respect to
e, co, tp3 and n all vanish, so that these quantities are
indeterminate.

Central-Body Mass Known A Priori
It has been assumed to this point that /*, the gravitational

parameter of the attracting planet, is completely unknown. If,
on the other hand, this quantity is precisely known, from in-
dependent data, then a arid n are precisely related according to
Eq. (23). We may determine a and / from estimates ofpl and
n, provided that the Jacobian determinant

d ( a j )

dn

dpi

dn

da di
= -3nci/2

-3n/2a 0

si act

(72)

is nonzero. Thus, when /* is precisely known, a and / can be
estimated separately, except when /=90 deg, in which case a is
well determined but / is indeterminate. In addition, a is in-
determinate when i==0 or 180 deg, even though the Jacobian
determinant is well behaved there, because «, as noted above,
is indeterminate.

The conclusions obtained so far about indeterminate orbital
elements are summarized in the upper halves of Tables 1
and 2.

Dpppler data model/
Eccentricity

Table 1 Indeterminate orbital elements with central-body mass unknown a priori3

Inclination

0</<180deg /=0 or 180 deg

Zeroth-order model;

Zeroth-order model;

First-order model

First-order model

Q' indeterminate; a,.i, p
known only through asi
and p/a3

Same as above, except w
and tp known only through

'
Q' and / indeterminate when

IT = 0 or 180 deg and/ = 90 deg
simultaneously

a, i, fi', \L known only
through asi, acisto '•, and
fi/a3; co and tp known only through
<?~n. tp________________

a, e, w, Q't tpt and p
indeterminate

Same as above

co and fi' known only through
co + Q' for i = 0 deg,
w-0' for /= 180 deg

co, Q', tp known only through co + Q' — n*tp
for /=0 deg, co-Q' -n*tp for /= 180 deg

3Quantities of interest are a, e, i, co, Q', tD, and /x. All are well determined, except as noted.
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Table 2 Indeterminate orbital elements with central-body mass known a priori8

Doppler data model/
Eccentricity

Inclination

0</<180deg /=0or 180 deg

Zeroth-order model;
0<e<\

Zeroth-order model;

First-order model

First-order model

&'indeterminate;/
indeterminate when
/=90deg

Same as above, except
co and t'p known only
through co ̂ -n*tp

0' and / indeterminate when
0' = 0 or 18Q deg and /=90 deg
simultaneously

0 • indeterminate when /=90 deg
or 0' = 90 or 270 deg; i indeter-
minate when 8' = 0 or 180 deg and
i = 90 deg simultaneously; co and tp
known only through w — n*tp

a, e, o>, $', arid tp
indeterminate

Same as above

co and 0' known only through
• o> + Q'. for 1 = 6 deg,
o>—0' for /=180 deg

co, 0', tp known only through
w + Q'-n*tp for /=0 deg,
w-Q'-w*^
for /= 180 deg

aQuantities of interest are a, e, i, u, V, and tp. All are well determined, except as noted.

Orbit Determination Using a First-Order
Model for the Doppler Shift

Elliptical Orbits with Unknown Central-Body Mass
We shall now try to resolve some of the indeterminacies

associated with the zeroth-order model of the line-of-sight
velocity by examining the first-order terms in Eq. (46). We
may rewrite that equation as

f/os = (*P\f\ + vz) (PI /R )/4 (1 - ecE)3 + (na2e/R )sE

where

qcti '

(73)

(74)

(75)

(76)

Normally, na (roughly the orbital speed of the spacecraft
relative to the planet) is less than vt but not enormously so.
However, this assumption will simplify the mathematics
somewhat, since the term in Eq. (73) involving a by itself
(rather than embedded in pl, p2, or p3) disappears.

We then obtain

Now let us assume that

( v, [p2 (fi2 -

where
/„ (e, <*,£)= co) (cE- e) -( 1 - e2 )*susE

fl4(e,u,E)=f2(E-esE)

(78)

(79)

(80)

(81)

Since p2 and p3 are the two parameters that are indeterminate
in the zeroth-order model, they are of particular interest here.
Noting that tp is nominally equal to t*, we find that

(82)

(83)3p3

For £5*0, the functions/n,/12,/i3, and/14 are linearly in-
dependent of one another, and a k o o f f l , f 2 9 f 4 , f 6 , f i 9 and/9.
Thus/72 and/73 can be determined using the first-order model,
provided that e*Q and v, 5*0. Determination of p{, p2, and
P3, hpwever, does not always guarantee that a, i, and Q' can
be determined. We need to look at the Jacobian determinant

•JW
da

dp2
da

dp*
da

di

dp2

dp3

di

si act 0

cis®' -asisQ' acicQ'

(84)

(77)

This determinant is nonzero except when7=90 deg and 12' =0
or 180 deg. When both /and Q' take on these values, a is well
determined but /and 0' are indeterminate. Note that singular
behavior occurs when /=90 and Q'=0 deg (or 180 deg)
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simultaneously, not simply when either of these conditions oc-
curs alone. Thus, / can be determined when nominally 90 deg,
from knowledge of p2, as long as sQ' 5*0. However, / can be
determined better away from 90 deg, from knowledge of both
Pi and /?2» because p{ can be determined using the zeroth-
order Doppler data model, whereas determination of p2 re-
quires the first-order model and is therefore much less ac-
curate. It is also clear that for i anywhere near 90 deg, / can be
determined more accurately when 0' is near 90 or 270 deg,
than when 12' is near 0 or 180 deg. It follows similarly that 12'
can be determined when nominally 0 or 180 deg from
knowledge of p2, as long as cfeQ. However, p3 offers more
information about 12' than p2 on the average, due to the ci
term in the latter quantity. Thus, we would expect to be able to
determine 12' better when near 90 or 270 deg (fromp3) than
when near 0 or 180 deg (from/72)- The closer / is to 90 deg, the
more substantial the dependence of the accuracy of determin-
ing 12' on the nominal value of that quantity. It would be
wrong, however, to say that the first-order model has a true
singularity at 12' =0 or 180 deg. It would also be wrong to say
that this model has a true singularity at /=90 deg. Although
both of these situations have sometimes been regarded as
singular in the past,21 they merely produce somewhat de-
graded accuracies. The true singularity of this model occurs
when both conditions are satisfied simultaneously. The con-
clusions obtained here are fully consistent with the numerical
results presented in Ref. 8, though not with the way those
results have sometimes been interpreted.

These conclusions are also borne out by flight data in the
case of the Pioneer Venus Orbiter mission. The condition
12 ' =0 deg was approximately fulfilled during orbit 84, and the
condition /=90 deg was approximately fulfilled during orbit
159. In neither case did the expected serious degradation in or-
bit determination accuracy occur.4 In the former case, / was
not near 90 deg, and essentially no growth in orbit determina-
tion errors was observed. In the latter case, 12' was not near 0
or 180 deg, and even though the uncertainty in / grew substan-
tially, it was still only .0005 deg.4 The latter growth can be at-
tributed to the fact that the first-order model was needed to
determine / near /=90 deg, while the zeroth-order model was
adequate (with a priori knowledge of the mass of Venus) for
i* 90 deg.

In summary, some rotation of the plane-of-sky coordinate
system (i.e., vt^Q) is needed in order to be able to determine
P2 and p3 . Knowledge of p2 and p3 allows / and 12 ' to be in-
ferred, except when the orbit is viewed edge on (/=90 deg)
and that edge-on geometry is not changing (d//df = 0 or,
equivalently , sQ ' = 0).

Circular Orbits with Unknown Central-Body Mass
Now, let us investigate what happens when e = 0. Let us

denote by^f the function/; when e=0. We find that

(85)

(86)

(87)

(88)

(89)

(90)

We note that /n , /12, and /14 degenerate into f{ , /2, and /6,
respectively, for e=0. From Eqs. (58) and (83) we see that

f l (u,E) =sE( -cwsE-sucE)

./J (w,E) = cE( -susE+cucE)

for e=0, so that/?3 affects the first-order model in the same
way that n affects the zeroth-order model. Thus, we will not
be able to determine p3 independently of n with the first-order
model for e = 0. If one differentiates vlos with respect to «, one
finds that the resulting partial derivative contains some func-
tional dependencies on E that differ from those in/i, /2, /4,
/6 > /s > /9 > /i i > • • • > /i4 • However, this is only as helpful in deter-
mining p3 as the use of terms involving p3 in a second-order
Doppler data model. Such a model will not be explored here.

Thus, we find that for e = Q, pl and p2 can be determined
with a first-order data model (in fact, pl can be determined
from a zeroth-order model), butp3 cannot be so determined.
Thus we can determine three nonlinear combinations (n, plt
and/?2) °f the four parameters, /*, a, //and 12' but cannot, in
general, determine any of these parameters individually.

Central-Body Mass Known A Priori
So far in this section, the gravitational parameter p has been

assumed to be completely unknown prior to the start of the
data arc. If, on the other hand, /* is known precisely in ad-
vance, then a and i can be determined from zeroth-order
terms, provided that /V90 deg, as has been noted previously.
Determination of p2 from first-order terms then allows deter-
mination of 12', provided again that /5*90 deg and that 12' is
not 90 or 270 deg. We may confirm this by evaluating one
more Jacobian determinant:

dn
~da~

dpi
da

dp2

da

dn

dp,
di

di

dn

512'

-3n/2a 0 0

5i ad 0

cisQ' —asisti' acicti'

= -3nac2icQ'/2

(92)

dik/dn t /?(a</3/?3)
Pi «>r

(91)

which is nonzero except for / = 90 deg or 12' =90 or 270 deg.
Thus, with the first-order Doppler data model, assuming

that /5*0 or 180 deg (situations we have not yet investigated),
all orbit elements, as well as /*, can be determined, as long as
12' is not 0 or 180 deg, with /=90 deg simultaneously, and as
long as £5*0 and i;, 5*0. If /* is known a priori, this same Dop-
pler data model can be used to determine all meaningful
elements of a circular orbit, as long as 12' is not 90 or 270 deg,
/5*90 deg, and t>,5*0, it again being assumed that /5*0 or 180
deg, since we have not yet investigated these situations. We see
that the meaningful elements of a circular orbit are more dif-
ficult to determine than those of a more general elliptical or-
bit, a priori knowledge of jti being needed in the former case, at
least as far as the first-order model is concerned. In the case of
a circular or biter, some information is available about ^12'
(through p2), but no information is available about d2'
(through p3). Consequently, 12' can be determined more ac-
curately near 0 or 180 deg than near 90 or 270 deg. For / near
90 deg, the determination of 5-12' from/72 degrades. Thus, we
have great difficulty in determining 12' when either 12' is near
90 (or 270 deg) or i is near 90 deg. By contrast, in the case of
e 5*0, we have great difficulty in determining 12' when both 12'
is near 0 deg (or 180 deg) and i is near 90 deg. Note that the
problematical situations for er*0 do not disappear when e = Q.
What happens is that new problems appear that are even
worse.
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The conclusions reached here for the case of circular orbits
are consistent with the analytical expression for the un-
certainty in Q' derived in Ref. 11. (See comments below on the
validity of this expression when /=0 or 180 deg.) These con-
clusions are also consistent with the observation in Ref. 8 that
the uncertainties in all orbital elements increase rapidly as e is
reduced toward zero. The conclusions reached so far in this
section are summarized in the lower halves of Tables 1 and 2.

The Mariner 9, Viking Orbiter, and Pioneer Venus Orbiter
missions have all involved orbital eccentricities of at least 0.6.
Thus, the low-eccentricity problems discussed here have not
yet been encountered in a planetary flight project. A number
of proposed planetary missions, however, beginning with the
Mars Observer mission to be launched in 1990, involve near-
circular orbits.15'1* It should be noted that while the subject of
this paper is two-way coherent Doppler data, this is not the
only data type that can be used for orbit-determination pur-
poses in a planetary orbiter mission. Differenced Doppler data
(involving two receiving stations on the Earth) and narrow-
band differential very-long-baseline interferometry (AVLBI)
can be used to determine those orbital elements that are deter-
mined poorly using conventional Doppler data alone. 12-14»16

It should also be noted at this point that the information
matrix in Eq. (69) has been constructed based on a linearized
version, Eq. (66), of the original measurement relationship
given by Eq. (64). Thus our tests for determinancy of orbital
elements are only local, rather than global, tests. It is noted in
Ref. 6 that ambiguities will exist in determining the quadrants
in which / and Q' lie. This may be seen by inspection of Eqs.
(44), (74), and (75). Although the Jacobian determinant
relatingPi,p2, and/?3 to a, i, and Q' is generally nonzero [see
Eq. (84)], knowledge ofp{, p2, and/?3 leaves a correlated sign
ambiguity in ci and sQ'.

Face-On Elliptical Orbits
Next, let us recall that only/?! can be determined when i = 0

or 180 deg, using the zeroth-order Doppler data model, and let
us see if the first-order model can be used to determine the re-
maining quantities. Let us denote by vljos the expression for t;/os
when i = 0 or 180 deg. We obtain from Eq. (77)

we find that

R

dv + tp-t*p (93)

Let us evaluate first the partial derivative of v}^ with respect
to co. We obtain

/os [ (P2(-/n -/u) +/>a (fn -/i
3o> ~ ' R

From Eqs. (82), (83), and (94), we have

dco dp2

(94)

(95)

so that co cannot be determined independently of p2 and/?3. To
interpret this result more readily, note that for i = 0 deg

90' 30'

3dp2 dp,

If we define

co_ =co —

(96)

(97)

(98)

30'

3w_ V 3« 30' :=o

(99)

(100)

Thus, the first-order model is able to determine co + Q', but
not co — Q ' . Note that co and Q' are rotations about the same
axis when i = 0 deg. By similar arguments, the first-order
model can be shown able to determine co - 0', but not co+Q',
for ./= 180 deg. (In this case, co and Q' are rotations about an-
tiparallel axes.)

Next, note that

da dp2 da dp3 da

' aR

Differentiation of p& with respect to E yields

• = v,(l-ecE)-

(101)

P2(~2/i ~/4(E-esE)] +p3 [2/2-/„ (E-esE)/(I-ecE)3]
R

With the use of Eqs. (54) and (55), we now obtain

i-ft)

(102)

R (103)

=
'

~ 2/13 ~/1=
dn ' nR

where
/5 (e,u,E) =/n (E-esE)/( I -

If we evaluate the effects of eon v}^ , we obtain

fo/os Pi (fn ~/21 +/19 ) +P3 ( -/18 +/22 ~/2o)
be '

+ other terms

where

R

(105)

(106)

(107)

(108)

fn = (E-

fv=(E-esE) ( -

-e2)

flo=cEf2/(l-ecE)

(109)

(110)

(111)

(112)

(113)

-e2)
(114)

(115)

(116)
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(The functions /!,..., /22 have been numbered such that each
even-numbered function is the partial derivative with respect
to co of the preceding odd-numbered function.)

To be able to determine a, e, tp, n, and either co+Q' or
co — f t ' , according to whether i = 0 or 180 deg, in addition to
the well-determined quantity /, it is necessary that the partial
derivatives of v}^ with respect to these quantities contain
terms independent of fl (involved in dt^/d/) and that these
partial derivatives be independent of each other. This can be
seen to be the case, at least for e&Q. Thus, the first-order
model allows the determination of all meaningful elements of
an elliptical orbit even when i'=0 or 180 deg, assuming that

Face-On Circular Orbits
The final situation to be investigated is that of a circular or-

bit when i = 0 or 180 deg. Using the same notation as in Eqs.
(85-90), we find that

(117)

(118)

(119)

(120)

(121)

(122)

(123)

(124)

(125)

(126)

(127)

/[9 (<*>,

o,£) =cE( -

o,£-) =sE( -

We observe that for e = Q and /=0 deg,

dtn

by virtue of the fact that the functions /n, /J2, /is, and/14
reduce tofltf2,f5, and/6. Thus, the quantity co-f to' -n*tp
can be determined, but <a + Q'+n*tp is indeterminate. By
similar arguments, for e = 0 and /= 180 deg, co — ft ' — n*tp can
be determined but co — Q' +n*tp is indeterminate. These results
are, of course, inevitable properties of a circular orbit viewed
face on, not problems associated with the Doppler data. The
analytical expression in Ref. 11 for the uncertainty in 0' ap-
pears to be invalid near i = 0 or 180 deg, since a finite uncer-
tainty is predicted.

We find that the partial derivative of y?os with respect to /
and the partial derivatives of v}£s with respect to a, n, e, and
either co + Q'-«% or w — Q'—/!%, according to whether
/ = 0 or 180 deg, are linearly independent, for vt 5*0. Thus, the
parameters /, a, n, e and either co + 12' —n*tp or co-Q' -n*tp
can all be determined.

Conclusions
The problem of determining the orbit of a spacecraft about

a natural body other than the Earth or the sun by means of
Doppler tracking data has been investigated analytically. Par-
tial derivatives of a truncated power-series expansion of the
spacecraft-tracking station line-of-sight velocity have been
evaluated with respect to classical orbital elements and the
central-body mass. Linear dependencies among these partial

derivatives are used to indicate orbital elements (or combina-
tions thereof) that are indeterminate. The indeterminate sets
of elements are found to vary substantially according to
whether the orbit is elliptical or circular, whether the orbit is
viewed at an oblique angle or face on, and whether the central-
body mass is known or unknown. The results obtained are
considerably more general than, but for the most part consis-
tent with, numerical and analytical results obtained in several
previous studies. In general, with the use of two-way coherent
Doppler data, it has been found that semimajor axis, eccen-
tricity, time of periapsis passage, argument of periapsis
(relative to the plane of the sky), and central-body mass (when
unknown) are most readily determined at high inclination
angles (relative to the plane of the sky). Inclination (relative to
the plane of the sky) is most readily determined at low inclina-
tion angles. All quantities are more readily determined for
high orbital eccentricities than for low eccentricities. Several
geometries sometimes categorized as singular have been shown
to be misclassified in that they produce only modest degrada-
tions in accuracy.
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